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Abstract g Q 79’é

Nine different models designed and constructed at the Structural
Mechanics Laboratory of Northwestern University are described, which
serve the purpose of demonstrating instability of equilibrium of
mechanical systems subjected to follower forces. Such forces are non-
conservative, nondissipative and are also called circulatory forces.
Instability is observed to occur by either divergence (static instability,
attainment of another equilibrium position) or flutter (dynamic insta-
bility, oscillations with increasing amplitudes). The connection between
some of these models and related nonconservative problems of elastic

stability considered analytically in the past is indicated.



Introduction

Beginning with the pioneering studies of E. L. Nikolai [1]* on the
stability analysis of elastic systems subjected to forces which do not
possess a potential but are nondissipative, a new class of stability
problems has come to the fore with the attribute 'nonconservative",
These forces have also been termed 'circulatory" by Ziegler [2,3].

The nonconservative problems of structural stability may be classi-
fied, following Bolotin [4], as (1) those of flexible shafts and related
objects in automatic control systems, (2) those of elastic bodies moving
with respect to a surrounding fluid and (3) those of elastic systems
subjected to "follower'" forces. In this 1a$t category follower forces
are defined as being dependent on the deformation of the system. In
recent years a vast body of literature has grown, devoted to the analysis
of stability of such problems [4-25]. Whereas in categories (1) and (2)
both analytical and experimental work brought balanced progress, it was a
particular feature of category (3) that all the efforts were devoted
entirely to analytical investigations, in many cases of elastic systems
subjected to fictitious follower forces. The only exception appears to
be the work of Benjamin [15-16]. Indeed, this aspect of the state of
development was the cause of some concern, as expressed in the following
quote from reference {26] with regard to the problem of a cantilevered
column subjected at its free end to a tangential follower force: '"No

definite conclusion can be made (as yet) regarding the practical value of

%*
Numbers in brackets designate References at end of report.



this result, since no method has been devised for applying a tangential
force to a column during bending," The authors of a more recent
analytical study [10] phrase their reservations with regard to their
own work as: "The physical interpretation of the << supertangential >>
loading has not so far been known to us, but the theoretical analysis
of this range leads to interesting conclusions.”

Thus it appeared desirable to make attempts at realizing several
systems subjected to such follower forces and to demonstrate the two
principal types of instability which have been described analytically.
The two types were found to be: (1) Static loss of stability (another
equilibrium position is attained), called divergence, (2) Dynamic loss
of stability (ecscillat

A series of structural models embodying these features has been
designed and constructed at the Structural Mechanics Laboratory of
Northwestern University and it is the purpose of this report to describe
qualitatively these models and their behavior. Since it is not intended
to present here any quantitative data associated with these models, no
numerical values of dimensions, weights, etc., are given. Such data will
be included in following studies devoted to quantitative measurements,
Likewise, certain significant effects which influence flutter, such as
velocity-dependent forces (e.g., Coriolis forces or viscous damping
forces), and post-critical behavior, which have been studied analytically
[17-25,27], are not discussed here but will be examined experimentally in

later studies,



Model 1

The model consists of two like rigid rods (Fig. 1-1). One rod is
elastically hinged to a fixed base while the other is elastically
hinged to the first rod and free at the other end. The system is
constrained to move in a horizontal plane, being suspended by long, light
strings. Various rigid attachments can be placed at the free end of the
second rod. These attachments are essentially in the form of rigid flat
plates, to be described in detail below, which are rigidly fixed and
normal to the axis of the second rod. 1In the absence of any disturbance
the system is in equilibrium when the two rods are colinear (undisturbed
configuration).

A fixed nozzle is placed along the equilibrium axis of the system
some distance away and a fluid (air) jet is made to impinge upon the
attachment. The flow rate can be varied by means of a valve,

It is observed that as the flow rate 1is increased and passes a
certain (critical) value, the system does not remain in the undisturbed
configuration (loss of stability). This loss occurs either by divergence
or by flutter, depending upon the type of the attachment, If the attach-
ment is a smooth plate (center of Fig. 1-2), stability is lost by
divergence. By contrast, if the attachment is a plate with a screen of
certain mesh size (right in Fig. 1-2), or a smooth plate with a circular
rim (left in Fig. 1-2), stability will be lost by flutter.

Fig. 1-3 illustrates divergence and shows the buckled equilibrium
configuration., The sequence of photographs in Fig. 1-4 illustrates

flutter-type motion.



The problem of a cantilevered bar with a rigid plate at its free end
and subjected to a force which is always directed along the initial
undeformed axis was first posed by Reut in 1939 and solved by B. L.
Nikolai in the same year, as indicated by Bolotin [4]. 1In this problem
stability is lost by flutter. Bolotin [4] suggested that such a force
may be produced by the pressure from a jet of absolutely inelastic
particles, or by the pressure of a jet of liquid or gas, the inclination
of which, as the bar deforms, can be ignored. To the authors' knowledge
no attempt was ever made to follow up these suggestions or to realize
Reut's problem in any other way.

It is seen that the model described represents a realization of a
class of problems in which Reut's probiem is a special case. This
special case is realized when a plate with a screen is attached. By
using different mesh sizes of the screen the direction of the resultant
aerodynamic force and thus the degree of nonconservativeness can be
controlled, As a result the loss of stability by divergence and by
flutter, as described in [6], can be realized. In the case when a plate
with a rim is attached, it is likely that not only a resultant non-
conservative force is acting, but also a nonconservative resultant

couple,



Model 2

The model consists of two like rigid pipe-segments (Fig. 2-1). The
first is elastically hinged to a fixed base, while the other is elastic-
ally hinged to the first and carries a nozzle at the free end. 1In
addition to the elastic hinges, the stiffness of the system can be
varied by means of lateral, spiral springs. The system is constrained to
move in a horizontal plane, being suspended by long, light strings. A
fluid can be conveyed through the pipes, entering at the fixed end and
leaving through the nozzle. 1In the absence of the fluid, or for small
rate of discharge, the pipes are at rest and colinear, defining the
equilibrium configuration. Two symmetrically placed strings in the
horizontal plane are attached to the free end of the pipe and pulled
toward the fixed base at a small angle relative to the pipe axis.

It is observed that as the flow rate is increased, and passes a
certain (critical) value, the pipe system does not remain in the undis-
turbed configuration. The loss of stability occurs either by divergence
or by flutter, depending upon the stiffness of the auxiliary coil
springs at the free end and the tension in the wires, If the coil
spring at the free end is sufficiently soft, or is removed, and the
tension in the wires small, then the loss of stability occurs by
flutter-type motion. By contrast, for sufficiently stiff coil springs,
or for large enough tension in the wires, the system loses stability by
divergence (Fig. 2-2).

In experimenting with this system, it was found that the system can

admit two distinct critical flutter flow rates. Ome is associated with




relatively large initial disturbances and the other corresponds to small
initial perturbations. That is, for a certain range of flow rates, the
system is asymptotically stable when disturbed by sufficiently small
initial input of energy, while it oscillates with increasing amplitude
about the undeformed axis for sufficiently large initial perturbations
(loss of stability in the large). Above this range the system loses
stability by flutter for any initial disturbances (loss of stability in
the small).

A thorough and systematic investigation (both analytical and
experimental) of articulated pipes conveying fluid was presented by
Benjamin [15,16]. The model described here represents a generalization
of Benjamin's system by including a nozzle to control Coriolis forces,
lateral springs to control effective constraints, and tension wires to
control the direction of the resultant forces acting at the free end.
The Coriolis forces are known [21-25] to have a pronounced effect on
critical flutter flow rates. It appears that the existence of loss of

stability in the large was not observed before in such systems.



Model 3

This model consists essentially of a piece of a rubber tube, fixed
at one end and elastically restrained in the axial direction at the other
end, at which rotation is prevented, Fig. 3-1. The tube is confined to
move in the horizontal plame, being suspended by means of long, light
strings., A fluid can be conveyed through the tube, entering at the fixed
end. The other end being closed, the fluid is ejected through two
nozzles, placed at a certain distance from the fixed end symmetrically
with respect to the tube in the direction parallel to the tangent to the
tube at that section. The nozzles are mounted in a fixture which is made
to slide on an air cushion. The sleeve providing the sliding support at
the elastically constrained end is also supported by an air bearing. 1In
Fig. 3-1 the tubes supplying air for the bearings are seen on the left
part of the photograph.

It is observed that the straight equilibrium configuration may be
lost if the flow rate of the air passing through the tube exceeds a
certain critical value. Loss of stability can occur by either flutter
or divergence, depending upon the distance between the nozzles and the
fixed end. It may be remarked that by attaching a series of pairs of
nozzles along the tube, the problem of a bar subjected to distributed

tangential follower forces may be realized.



Model 4

This model consists of a cantilevered thin elastic strip at whose
free end a circular rigid plate is attached in a plane normal to the
axis, Fig. 4-1. The surface of the plate can be varied by placing
screens of different mesh sizes. A nozzle whose axis is parallel to the
axis of the strip can be made to discharge fluid at a constant rate
which impinges upon the plate.

It is observed that as a certain critical flow rate is exceeded, the
cantilever may lose stability by either flutter or divergence, depending
upon the mesh size of the screen attached to the plate., Both torsional
and bending deformation are observed to occur for both types of loss of
stability, with torsional deformations becoming more pronounced with
increased eccentricity.

The problem of a cantilevered bar with narrow cross-section sub-
jected to an eccentric compressive follower force has been formulated and

solved in reference [28].



10
Model 5

This model consists of a cantilevered thin elastic strip at whose two
longitudinal edges flexible tubes are attached through one of which fluid
at constant rate can be conveyed, entering at,éhe.fixed end and leaving
through the open end, Fig, 5-1. The other tube does not convey any fluid
and is provided solely to decrease the asymmetry of the cross-section,

It is observed that as the flow rate exceeds a certain critical
value, the cantilever loses stability by bending-torsional flutter, Fig,
5-2, 1t is also observed that a certain range of flow rates restores the
original undeformed equilibrium configuration which may have been lost by
lateral buckling caused by attaching a given weight at the free end.
Fig. 5-3 shows the buckled configuration at zero flow rate and Fig. 5-4
shows the restored original equilibrium position, achieved with a certain
flow rate, As the flow rate is increased further beyond a certain value,

stability is lost by flutter.
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Model 6

This model consists, as in the previous two cases, of a cantilevered
elastic strip at whose two longitudinal edges flexible tubes are attached.
A rigid pipe is placed along the transverse free edge and connected to the
longitudinal tubes, Fig. 6-1. Fluid is conveyed at a constant rate
through the longitudinal tubes, entering at the fixed end of the canti-
lever, and is discharged through an end opening in the rigid pipe, whose
other end is closed.

It is observed that as the flow rate is increased beyond a certain
critical value, stability is lost by bending-torsional flutter. The
system may be considered as model of an aircraft wing with a jet engine
at the free end.

The problem of a cantilevered strip subjected to a transverse
follower force at the free end was first posed by Bolotin [4] and

analyzed for a special case by Como [29].




12

Model 7

This model consists of a rigid closed cylinder which can roll on a
horizontal plane. A piece of a rigid pipe is attached to the cylinder
by means of an elastic hinge, which carries a nozzle at the free end,
Fig. 7-1. Fluid can be conveyed into the cylinder by means of a flexible
tube, which then enters the pipe and is discharged through the nozzle,

It is observed that as the rate of discharge is increased beyond a
certain value, the system acquires a (stable) equilibrium position such
that the pipe is vertical and its axis passes through the center of the
cylinder, Fig. 7-2, As the rate of discharge is increased further,
another definite (critical) value is reached, beyond which the system
begins to execute oscillations with increasing amplitudes about the

preceding equilibrium state (flutter).
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Model 8

This model consists of a rigid cylinder, as in the previous model,
which can roll on a convex rigid cylindrical segment which in turn is
fixed in a concave rigid cylindrical segment, this latter being free to
roll on a horizontal plane, Fig. 8-1. The rigid cylinder is closed at
the end planes and is provided with an opening and a nozzle on the
lateral surface, the axis of the nozzle passing through the center of the
cylinder. Fluid can be conveyed through a flexible tube to the cylinder
and is discharged through the nozzle.

It is observed that as the rate of discharge is increased beyond a
certain value, the system acquires a (stable) equilibrium configuration
such that the axis of the nozzle is vertical, Fig. 8-2. As the rate of
discharge is increased further, another definite (critical) value is
reached, beyond which the system begins to oscillate with increasing
amplitudes about the preceding equilibrium state (flutter), Fig. 8-3.
1f the convex cylinder segment on which the cylinder rolls is replaced

by a flat plate, Fig. 8-4, no flutter is observed.



Model 9

This model consists of a rigid pipe segment suspended by means of a
flexible tube and hanging in the vertical position, Fig. 9~1. The lower
end of the rigid pipe carries an attachment, the essential part of which
consists of two nozzles placed in a plane normal to the axis of the pipe
segment, parallel to each other. The flexible tube is connected to a
fixed base, Fluid can be conveyed through the flexible tube, entering
the rigid pipe segment and discharging through the nozzles in opposite
directions.

It is observed that for any constant flow rate above a certain
minimum value, the rigid pipe begins to move like a spherical pendulum
with monotonically increasing amplitude, whichwill approach a limiting
value for a sufficiently small flow rate. The minimum value of the
constant flow rate which produces the onset of the pipe motion is not
sharply defined. It is further observed that the same motion is
initiated if the rigid pipe segment is made very short as compared to
the flexible tube, and vice versa.

The problem of a cantilevered bar subjected at the free end to a
twisting moment which rotates with the end cross-section of the bar was
first considered by E. L. Nikolai [1]. He found that the undeformed
rectilinear equilibrium configuration is unstable for any nonvanishing
magnitude of the twisting moment.

It should be remarked that Nikolai's problem [1], and the model

which is associated with it, as described above, fall into a different
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class of nonconservative systems than all those discussed in this report.
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In the case of Nikolai's problem the applied follower torque produces
essentially a gyroscopic effect which induces precessional motion. By
contrast, in all other models which did not lose stability by divergence,
the resultant forces, beyond a certain value, produced an oscillatory

motion with increasing amplitudes, i.e. flutter,

Acknowledgment

The authors are greatly indebted to Mr. John Schmidt, Jr.,
Laboratory Technician, for his participation in the designing of the
models. Contributions of Mr, William E. Lober and Mr. Alan Hunt, Jr.

are also gratefully acknowledged,




[1]

(2]

£3]

[4]

(5]

fé]

7]

(8]

16

References

E. L. Nikolai, "On the Stability of the Rectilinear Form of
Equilibrium of a Bar in Compression and Torsion," Izv. Leningr.

politekhn. in-ta, Vol. 31, 1928; see also E. L. Nikolai (Trudy

po mekhanike), Gostekhizdat 1955, p. 357.

H. Ziegler, "Linear Elastic Stability," Zeitschrift fir ange-

wandte Mathematik und Physik, Vol. 4, 1953, pp. 89-121, 168-185.

H. Ziegler, "On the Concept of Elastic Stability," Advances in

Applied Mechanics, Vol. 4, edited by H. L. Dryden and T. von

Karman, Academic Press, Inc., New York, N,Y., 1956, pp. 351-403,

V. V. Bolotin, Nonconservative Problems of the Theory of Elastic

Stability, Moscow, 1961; English translation published by Pergamon

Press, Inc., New York, N.Y., 1963,

M. Beck, '"Die Knicklast des einseitig eingespannten, tangential

gedrickten Stabes,'" Zeitschrift fiir angewandte Mathematik und

Physik, Vol. 3, 1952, pp. 225-228 and 476-477 (errata).

G. Herrmann and R, W. Bungay, "On the Stability of Elastic Systems

Subjected to Nonconservative Forces," Journal of Applied Mechanics,

Vol. 31, 1964, pp. 435-440.

S. Nemat-Nasser and G. Herrmann, "On the Stability of Equilibrium

of Continuous Systems," Ingenieur Archiv, Vol. 35, 1966, pp. 17-24.

S. Nemat-Nasser and G. Herrmann, "Torsional Instability of Canti-
levered Bars Subjected to Nonconservative Loading," Journal of

Applied Mechanics, Vol. 33, 1966, pp. 102-104.




(9]

[10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

17

L. Contri, '"Della Trave Caricata di Punta da Forze di Direzione

Dipendente dalla sua Deformazione,'" Giornale de Gemio Civile,

Rome, Italy, 1964, pp. 32-39.

Z., Kordas and M. iyczkowski, "On the Loss of Stability of a Rod
under a Super-Tangential Force,'" Archiwum Mechaniki Stosowanej,

Vol. 15, 1963, pp. 7-31.

Z. Kordas, '"Stability of the Elastically Clamped Compressed Bar
in the General Case of Behaviour of the Loading," Bulletin de

1'Academie Polonaise des Sciences, Serie des sciences techniques,

Vol. 11, 1963, pp. 419-426.

T. R. Beal, "Dynamic Stability of a Flexible Missile under Constant

and Pulsating Thrusts,” AIAA Journal, Vol. 3, 1965, pp. 486-494,

H. Leipholz, "Anwendung des Galerkinschen Verfahrens auf nichtkon-
servative Stabilitatsprobleme des elastischen Stabes,'" Zeitschrift

fir angewandte Mathematik und Physik, Vol. 13, 1962, pp. 359-372.

H. Leipholz, "Uber den Einfluss eines Parameters auf die Stabili-
tatskriterien von nichtkonservativen Problemen der Elastomechanik,"

Ingenieur Archiv, Vol. 34, 1965, pp. 256-263.

T. B. Benjamin, 'Dynamics of a System of Articulated Pipes Conveying

Fluid," Proc. Roy. Soc. A, Vol. 261, 1961, pp. 457-486 (Part 1),

T. B, Benjamin, "Dynamics of a System of Articulated Pipes Conveying

Fluid," Proc. Roy. Soc. A, Vol. 261, 1961, pp. 487-499;(Part 1I).

H. Ziegler, '"Die Stabilitdtskriterien der Elastomechanik,' Ingenieur

Archiv, Vol. 20, 1952, pp. 49-56. 1



18

(18] G. Herrmann and 1. C. Jong, "On the Destabilizing Effect of Damping

in Nonconservative Elastic Systems,'" Journal of Applied Mechanics,

Vol. 32, 1965, pp. 592-597.

[19] G. Herrmann and I. C. Jong, "On Nonconservative Stability Problems

of Elastic Systems with Slight Damping," Journal of Applied

Mechanics, Vol. 33, 1966, pp. 125-133.

[20] H. Leipholz, "Uber den Einfluss der Dampfung bei nichtkonservativen

Stabilitdtsproblemen elastischer Stédbe," Ingenieur Archiv, Vol. 33,

1964, pp. 308-321.

[21] s. Nemat-Nasser and G. Herrmann, "Some General Considerations Con-
cerning the Destabilizing Effect in Nonconservative Systems,"

Zeitschrift fiir angewandte Mathematik und Physik, Vol. 17, 1966,

pp. 305-312.

[22] . Herrmann and S. Nemat-Nasser, "Instability Modes of Cantilevered

Bars Induced by Fluid Flow through Attached Pipes," International

Journal of Solids and Structures, to be published.

[23] 0. Bottema, "On the Stability of the Equilibrium of a Linear

Mechanical System," Zeitschrift fir angewandte Mathematik und

Physik, Vol. 6, 1955, pp. 97-103.

[24] G. Herrmann and S. Nemat-Nasser, "Energy Considerations in the
Analysis of Stability of Nonconservative Structural Systems,"

Proceedings of the International Conference on Dynamic Stability

of Structures, Pergamon Press, in press.




[25]

[26]

(27]

(28]

(29]

19

S. Nemat-Nasser, S. Prasad and G. Herrmann, 'Destabilizing Effect
of Velocity-Dependent Forces in Nonconservative Continuous

Systems,' AIAA Journal, in press.

S. Timoshenko and J. M. Gere, Theory of Elastic Stability,

McGraw-Hill Book Company, Inc., New York, N.Y., 1961.

J. Roorda and S. Nemat-Nasser, "An Energy Method for Stability

Analysis of Nonlinear Nonconservative Systems," to be published.

K. H. Lin, S. Nemat-Nasser and G. Herrmann, ''Stability of a Bar

under Eccentric Follower Force," to be published.

M. Como, "Lateral Buckling of a Cantilever Subjected to a Trans-

verse Follower Force," International Journal of Solids and

Structures, Vol. 2, 1966, in press.



Fig. 1-1

Fig. 1-2

Fig. 1-3




Fig.

1-4







Fig. 3-1

Fig. 4-1

23



Fig. 51

24




25

Fig. 52




Fig. 5-3

Fig. 5-4




ig. 6-1

F




Fig. 7-1

Fig. 7-2

28




Fig. 8-1

’ Fig. 8-2
:




Fig. 8-3




Fig. 9-1

3t




